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The problem and related works
Distribution dependent stochastic differential equations (DDSDEs), also called McKean-Vlasov or
mean-field SDEs, is of the form:

dXt = bt(Xt,LXt )dt + σt(Xt,LXt )dWt, X0 = ξ ∈ Lp(Ω→ Rd,F0,P).

where W is a Brownian motion and LXt denotes the law of Xt.

F.-Y. Wang, Distribution dependent SDEs for Landau type equations, SPA, 2018.

D. Baños, The Bismut-Elworthy-Li formula for mean-field stochastic differential equations,
AIHP, 2018.

P.P. Ren and F.-Y. Wang, Bismut formula for Lions derivative of distribution dependent
SDEs and applications, JDE, 2019.

M. Röckner and X.C. Zhang, Well-posedness of distribution dependent SDEs with singular
drifts, Bernoulli, 2021.

W. Liu, Y.L. Song, J.L. Zhai and T.S. Zhang, Large and moderate deviation principles for
McKean-Vlasov SDEs with jumps, PA, 2022.

X. Huang and F.-Y. Wang, Regularities and exponential ergodicity in entropy for SDEs
driven by distribution dependent noise, arXiv:2209.14619.

V. Barbu and M. Röckner, Uniqueness for nonlinear Fokker-Planck equations and for
McKean-Vlasov SDEs: The degenerate case, JFA, 2023.
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The problem and related works

DDSDEs driven by fractional Brownian motion (FBM) BH with Hurst parameter H ∈ (0, 1)µ

dXt = bt(Xt,LXt )dt + σt(LXt )dBH
t , X0 = ξ ∈ Lp(Ω→ Rd,F0,P).

X.L. Fan, X. Huang, Y.Q. Suo and C.G. Yuan, Distribution dependent SDEs driven by
fractional Brownian motions, SPA, 2022.

X.L. Fan, T. Yu and C.G. Yuan, Asymptotic behaviors for distribution dependent SDEs
driven by fractional Brownian motions, SPA, 2023.

L. Galeati, F.A. Harang and A. Mayorcas, Distribution dependent SDEs driven by additive
fractional Brownian motion, PTRF, 2023.

G.J. Shen, J. Xiang and J.L. Wu, Averaging principle for distribution dependent stochastic
differential equations driven by fractional Brownian motion and standard Brownian motion,
JDE, 2022.
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The problem and related works

Our concerned equation:

dXt = bt(Xt,LXt )dt + σtdBH
t + σ̃t(LXt )dB̃H̃

t , X0 = ξ, (1)

where b : [0, T]×Rd ×P(Rd)→ Rd, σ : [0, T]→ Rd ⊗Rd, σ̃ : [0, T]×P(Rd)→ Rd ⊗Rd, ξ is an
Rd-valued random variable, and BH , B̃H̃ are respectively two independent FBMs with Hurst
parameters H ∈ (0, 1) and H̃ ∈ (1/2, 1) independent of ξ, and the stochastic integral can be
regarded as the Wiener integral.

A d-FBM (BH
t )t∈[0,T] = (BH,1

t , · · · ,BH,d
t )t∈[0,T] with H ∈ (0, 1) is a centered, H-self similar

Gaussian process with the covariance function E(BH,i
t BH,j

s ) = RH(t, s)δi,j, where

RH(t, s) :=
1
2

(
t2H + s2H − |t − s|2H

)
, t, s ∈ [0, T].

The FBM generalizes the standard Wiener process (H = 1/2) and has stationary
increments. However, the increments are correlated with a power law correlation decay,
which asserts the FBM is a non-Markovian process that is the dominant feature of
equation (1).
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The problem and related works

Our aim:

1 To prove the well-posedness of (1).

2 To investigate the regularity for (1).

For the second aim, we will study the regularity of the maps

µ 7→ P∗t µ, t ∈ [0, T],

where P∗t µ := LXt for Xt solving (1) with initial distribution LX0 = µ ∈Pp(Rd).

Observe that a probability measure is determined by integrals of f ∈ Bb(Rd), it suffices to
investigate the regularity of the functionals

µ 7→ (Ptf )(µ) :=

∫
Rd

f d(P∗t µ), f ∈ Bb(Rd), t ∈ [0, T].

More precisely, with regards to equation (1), we address the following question:

(Question) Under what conditions does the functional Ptf have dimensional-free Harnack

inequalities and Bismut formulas?
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The problem and related works

Our motivation:

D. Baños (AIHP, 2018) investigated the sensitivity of prices of options w.r.t. the initial value
of the underlying asset price, and pointed out that the Bismut formula gives a better
approximation of the sensitivity.

The Harnack inequality may imply the gradient estimate and entropy estimate.

X.L. Fan, X. Huang, Y.Q. Suo and C.G. Yuan (SPA, 2022) shown that for distribution-free
noise (σ̃ = 0 in equation (1), i.e. dXt = bt(Xt,LXt )dt + σtdBH

t , X0 = ξ), Bismut formulas for
Ptf are established by using Malliavin calculus. However, for distribution dependent noise,
these formulas are still open.
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Well-posedness
DDSDE driven by two independent fractional Brownian motions BH and B̃H̃ :

dXt = bt(Xt,LXt )dt + σtdBH
t + σ̃t(LXt )dB̃H̃

t , X0 = ξ, (2)

where H ∈ (0, 1), H̃ ∈ (1/2, 1), ξ ∈ Lp(Ω→ Rd,F0,P) with p ≥ 1, and the coefficients
b : [0, T]× Rd ×P(Rd)→ Rd, σ : [0, T]→ Rd ⊗ Rd, σ̃ : [0, T]×P(Rd)→ Rd ⊗ Rd are
measurable functions.

(H1) There exists a non-decreasing function κ· such that for every
t ∈ [0, T], x, y ∈ Rd, µ, ν ∈Pp(Rd),

|bt(x, µ)− bt(y, ν)| ≤ κt(|x− y|+ Wp(µ, ν)), ‖σ̃t(µ)− σ̃t(ν)‖ ≤ κtWp(µ, ν),

and

|bt(0, δ0)|+ ‖σt‖+ ‖σ̃t(δ0)‖ ≤ κt.

For any p ≥ 1, let Sp([0, T]) be the space of Rd-valued, continuous (Ft)t∈[0,T]-adapted
processes ψ on [0, T] satisfying

‖ψ‖Sp :=

(
E sup

t∈[0,T]

|ψt|p
)1/p

<∞.

Xiliang Fan (Anhui Normal University)Regularities for fractional DDSDEs Jul. 31, 2023 8 / 25



Well-posedness

Definition
A stochastic process X = (Xt)0≤t≤T on Rd is called a solution of (2), if X ∈ Sp([0, T]) and P-a.s.,

Xt = ξ +

∫ t

0
bs(Xs,LXs )ds +

∫ t

0
σsdBH

s +

∫ t

0
σ̃s(Xs )dB̃H̃

s , t ∈ [0, T].

Note that σ· and σ̃·(LX· ) are both deterministic functions, then
∫ t

0 σsdBH
s and∫ t

0 σ̃s(LXs )dB̃H̃
s can be regarded as Wiener integrals w.r.t. fractional Brownian motions.

Theorem (Fan-Huang-Ling, arXiv:2304.00768)
Suppose that ξ ∈ Lp(Ω→ Rd,F0,P) with p ≥ 1 and one of the following conditions:

(I) H ∈ (1/2, 1), b, σ, σ̃ satisfy (H1) and p > max{1/H, 1/H̃};
(II) H ∈ (0, 1/2), b, σ̃ satisfies (H1), σt does not depend on t and p > 1/H̃.

Then Eq. (2) has a unique solution X ∈ Sp([0, T]). Moreover, let (Xµt )t∈[0,T] be the solution to (2)
with LX0 = µ ∈Pp(Rd) and denote P∗t µ = LXµt

, t ∈ [0, T]. Then it holds

Wp(P∗t µ,P
∗
t ν) ≤ Cp,T,κ,H̃Wp(µ, ν), µ, ν ∈Pp(Rd).
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Well-posedness

Sketch of the proof
For any µ ∈ C([0, T],Pp), consider

dXt = bt(Xt, µt)dt + σtdBH
t + σ̃t(µt)dB̃H̃

t , t ∈ [0, T],X0 = ξ. (Denote its solution as Xµ,ξt )

To show E
(

supt∈[0,T] |X
µ,ξ
t |p

)
<∞.

Define the mapping Φξ : C([0, T],Pp(Rd))→ C([0, T],Pp(Rd)) as

Φξt (µ) = L
Xµ,ξt

, t ∈ [0, T].

To show
ρλ0 (Φξ(µ),Φξ(ν)) <

1
2
ρλ0 (µ, ν), µ, ν ∈ Eξ,

where λ0 is a proper constant, and Eξ := {µ ∈ C([0, T]; Pp(Rd)) : µ0 = Lξ} is equipped
with the complete metric

ρλ0 (ν, µ) := sup
t∈[0,T]

e−λ0tWp(νt, µt), µ, ν ∈ Eξ.

Using the Banach fixed point theorem, we conclude that

Φξt (µ) = µt, t ∈ [0, T]

has a unique solution µ ∈ Eξ.
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Remark

Main tool: (The Hardy-Littlewood inequality) Let 1 < p < q <∞ and 1
q = 1

p − α. If
f : R+ → R belongs to Lp(0,∞), then Iα0+f (x) converges absolutely for almost every x, and
moreover

‖Iα0+f‖Lq(0,∞) ≤ Cp,q‖f‖Lp(0,∞)

holds for some positive constant Cp,q. Here, the left-sided fractional Riemann-Liouville
integral of f of order α is defined as

Iα0+f (x) =
1

Γ(α)

∫ x

0

f (y)

(x− y)1−α dy.

Remark
Under the same conditions as the theorem above, we obtain that for any t ∈ [0, T],

E
(

sup
s∈[0,t]

|%µs − %νs |p
)
≤ Cp,T,κ,H̃ tpH̃Wp(µ, ν)p.

Here we have set %µs :=
∫ s

0 σ̃r(P∗r µ)dB̃H̃
r for all s ∈ [0, T] and µ ∈P(Rd).
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The non-degenerate case: Log-Harnack inequality
DDSDE:

dXt = bt(Xt, Xt )dt + σtdBH
t + σ̃t(Xt )dB̃H̃

t , X0 = ξ.

Assumptions
(H1’) For every t ∈ [0, T], bt(·, ·) ∈ C1,(1,0)(Rd ×Pp(Rd)). Moreover, there exists a

non-decreasing function κ· such that for any t ∈ [0, T], x, y ∈ Rd, µ, ν ∈Pp(Rd),

‖∇bt(·, µ)(x)‖+ |DLbt(x, ·)(µ)(y)| ≤ κt, ‖σ̃t(µ)− σ̃t(ν)‖ ≤ κtWp(µ, ν),

and |bt(0, δ0)|+ ‖σt‖+ ‖σ̃t(δ0)‖ ≤ κt.

(H2) There exists a constant κ̃ > 0 such that

(i) for any t, s ∈ [0, T], x, y, z1, z2 ∈ Rd, µ, ν ∈Pp(Rd),

‖∇bt(·, µ)(x)−∇bs(·, ν)(y)‖+ |DLbt(x, ·)(µ)(z1)− DLbs(y, ·)(ν)(z2)|

≤ κ̃(|t − s|α + |x− y|β + |z1 − z2|γ + Wp(µ, ν)),

where α ∈ (H − 1/2, 1] and β, γ ∈ (1− 1/(2H), 1].

(ii) σ is invertible and σ−1 is Hölder continuous of order δ ∈ (H − 1/2, 1]:

‖σ−1(t)− σ−1(s)‖ ≤ κ̃|t − s|δ, t, s ∈ [0, T].
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The non-degenerate case: Log-Harnack inequality

Theorem (Fan-Huang-Ling, arXiv:2304.00768)
Consider Eq. (2). If one of the two following assumptions holds:

(I) H ∈ (1/2, 1), b, σ, σ̃ satisfy (H1’), (H2) and p ≥ 2(1 + β);

(II) H ∈ (0, 1/2), b, σ̃ satisfies (H1), σt does not depend on t and p ≥ 2.

Then for any t ∈ (0, T], µ, ν ∈Pp(Rd) and 0 < f ∈ Bb(Rd),

(Pt log f )(ν) ≤ log(Ptf )(µ) +$(H),

where

$(H) =


CT,κ,κ̃,H,H̃

(
1 + Wp(µ, ν)2β + 1

t2H

)
Wp(µ, ν)2, H ∈ (1/2, 1),

CT,κ,H,H̃

(
1 + 1

t2H

)
Wp(µ, ν)2, H ∈ (0, 1/2).
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The non-degenerate case: Log-Harnack inequality

Remark
The log-Harnack inequality obtained above is equivalent to the following entropy-cost estimate

Ent(P∗t ν|P∗t µ) ≤ $(H), t ∈ (0, T], µ, ν ∈Pp(Rd),

where Ent(P∗t ν|P∗t µ) is the relative entropy of P∗t ν with respect to P∗t µ and p is given as in the
theorem above.

Facts needed in the proof of the theorem:

H : the reproducing kernel Hilbert space
K∗H : H → L2([0, T],Rd), KH : L2([0, T],Rd)→ IH+1/2

0+ (L2([0, T],Rd)), RH = KH ◦ K∗H .

W is a d-dimensional Wiener process such that

BH
t =

∫ t

0
KH(t, s)dWs, t ∈ [0, T].
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The non-degenerate case: Log-Harnack inequality

Sketch of the proof
For fixed t0 ∈ (0, T], consider the following coupling DDSDE: t ∈ [0, t0],

dYt =

[
bt(Xµt ,P

∗
t µ) +

1
t0

(Xµ0 − Xν0 + %µt0 − %
ν
t0 )

]
dt + σtdBH

t + σ̃t(P∗t ν)dB̃H̃
t , Y0 = Xν0 . (3)

Let Ȳt = Yt − %νt and rewrite (3) as

dȲt = bt(Ȳt + %νt ,P
∗
t ν)dt + σtdB̄H

t , t ∈ [0, t0], Ȳ0 = Y0 = Xν0 ,

where
B̄H

t := BH
t −

∫ t

0
σ−1

s ζsds =

∫ t

0
KH(t, s)

(
dWs − K−1

H

(∫ ·
0
σ−1

r ζrdr
)

(s)ds
)

with
ζs := bs(Ys,P∗s ν)− bs(Xµs ,P

∗
s µ)−

1
t0

(Xµ0 − Xν0 + %µt0 − %
ν
t0 ).

LȲt0
|RH̃,0dPH̃,0 = LX̄νt0

|PH̃,0 , where X̄ν· := Xν· − %ν· satisfies SDE

dX̄νt = bt(X̄νt + %νt ,P
∗
t ν)dt + σtdBH

t , t ∈ [0, t0], X̄ν0 = Xν0 .

Then, the law of Yt0 = Ȳt0 + %νt0 under RH̃,0dPH̃,0 is the same as one of Xνt0 = X̄νt0 + %νt0
under PH̃,0.

Xiliang Fan (Anhui Normal University)Regularities for fractional DDSDEs Jul. 31, 2023 15 / 25



The non-degenerate case: Bismut formula
Bismut formula for the L-derivative of (2):

For every t ∈ (0, T], µ ∈Pp(Rd) and φ ∈ Lp(Rd → Rd, µ), we are to find an integrable random
variable Mt(µ, φ) such that

DL
φ(Ptf )(µ) = E

(
f (Xµt )Mt(µ, φ)

)
, f ∈ Bb(Rd).

For any µ ∈Pp(Rd), let (Xµt )t∈[0,T] be the solution to (2) with LXµ0
= µ and P∗t µ = LXµt

for
every t ∈ [0, T].
For any ε ∈ [0, 1] and φ ∈ Lp(Rd → Rd, µ), let X

µε,φ
t denote the solution of (2) with

X
µε,φ
0 = (Id + εφ)(Xµ0 ), µε,φ := L(Id+εφ)(Xµ0 ).

Introduce the spatial derivative of Xµt along φ:

∇φXµt := lim
ε→0

X
µε,φ
t − Xµt

ε
, t ∈ [0, T], φ ∈ Lp(Rd → Rd, µ).

Assumptions
(H3) There exists a non-decreasing function κ· such that

|DLσ̃t(µ)(x)| ≤ κt, t ∈ [0, T], x ∈ Rd, µ ∈Pp(Rd).
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The non-degenerate case: Bismut formula

Lemma
Assume that (H1’), (H3) hold and σt does not depend on t if H ∈ (0, 1/2). For any µ ∈Pp(Rd)
and φ ∈ Lp(Rd → Rd, µ) with p > max{1/H, 1/H̃} if H ∈ (1/2, 1) or p > 1/H̃ if H ∈ (0, 1/2), then
the following assertions hold.
(i) ∇φXµ· exists in Lp(Ω→ C([0, T];Rd),P) such that ∇φXµ· is the unique solution of the following
linear SDE

dGφt =
[
∇

Gφt
bt(·,LXµt

)(Xµt ) +
(
E〈DLbt(y, ·)(LXµt

)(Xµt ),Gφt 〉
)
|y=Xµt

]
dt

+ E〈DLσ̃t(LXµt
)(Xµt ),Gφt 〉dB̃H̃

t , Gφ0 = φ(Xµ0 ),

and
E
(

sup
t∈[0,T]

|∇φXµt |p
)
≤ Cp,T,κ,H,H̃‖φ‖

p
Lp(µ)

.

(ii) It holds

lim
ε↓0

E
(

sup
s∈[0,t]

∣∣∣∣∣%
µε,φ
s − %µs

ε
− Λs

∣∣∣∣∣
p )

= 0,

where Λ· is defined as

Λs :=

∫ s

0

〈
E[〈DLσ̃r(P∗r µ)(Xµr ),∇φXµr 〉], dB̃H̃

r

〉
, s ∈ [0, T].

Xiliang Fan (Anhui Normal University)Regularities for fractional DDSDEs Jul. 31, 2023 17 / 25



The non-degenerate case: Bismut formula

Theorem (Fan-Huang-Ling, arXiv:2304.00768)
Consider Eq. (2). If one of the two following assumptions holds:

(I) H ∈ (1/2, 1), b, σ, σ̃ satisfy (H1’), (H2) and (H3);
(II) H ∈ (0, 1/2), b, σ̃ satisfies (H1’), (H3) and σt does not depend on t,

then for any t ∈ (0, T], f ∈ Bb(Rd), µ ∈Pp(Rd) and φ ∈ Lp(Rd → Rd, µ) with p ≥ 2(1 + β) if
H ∈ (1/2, 1) or p ≥ 2 if H ∈ (0, 1/2), DL

φ(Ptf )(µ) exists and satisfies

DL
φ(Ptf )(µ) = E

(
f (Xµt )

∫ t

0

〈
K−1

H

(∫ ·
0
σ−1

r Υr,tdr
)

(s), dWs

〉)
, (4)

where Υ·,· is given by

Υr,t =
φ(Xµ0 ) + Λt

t
+∇br(·,P∗r µ)(Xµr )

(
t − r

t
φ(Xµ0 )−

r
t
Λt + Λr

)
+ E[〈DLbr(x, ·)(P∗r µ)(Xµr ),∇φXµr 〉]|x=Xµr

, 0 ≤ r < t ≤ T

with Λ· defined in the lemma above.
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The non-degenerate case: Bismut formula

Remark
(i) The term K−1

H

(∫ ·
0 σ
−1
r Υr,tdr

)
(s) on the right-hand side of (4) can rewrite as follows

K−1
H (

∫ ·
0
σ−1

r Υr,tdr)(s) =



(H− 1
2 )sH− 1

2

Γ( 3
2−H)

[
s1−2Hσ−1

s Υs,t

H− 1
2

+ σ−1
s Υs,t

∫ s
0

s
1
2 −H−r

1
2 −H

(s−r)
1
2 +H

dr+

Υs,t
∫ s

0
(σ−1

s −σ
−1
r )r

1
2 −H

(s−r)
1
2 +H

dr +
∫ s

0
(Υs,t−Υr,t)σ

−1
r r

1
2 −H

(s−r)
1
2 +H

dr

]
,H ∈ ( 1

2 , 1),

σ−1sH− 1
2

Γ( 1
2−H)

∫ s
0

r
1
2 −H

Υr,t

(s−r)
1
2 +H

dr, H ∈ (0, 1
2 ).

(ii) The estimate of the L-derivative: for any t ∈ (0, T], f ∈ Bb(Rd), µ ∈Pp(Rd),

‖DL(Ptf )(µ)‖
Lp∗
µ
≤ CT,κ,κ̃,H,H̃

(
1 +

1
tH

)(
(Pt|f |p

∗
)(µ)

) 1
p∗ ,

where CT,κ,κ̃,H,H̃ is a positive constant which is independent of κ̃ when H ∈ (0, 1/2), and
p ≥ 2(1 + β) if H ∈ (1/2, 1) or p ≥ 2 if H ∈ (0, 1/2).
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The degenerate case: Log-Harnack inequality

Let A and B be two matrices of order m× m and m× l, we now consider the following distribution
dependent degenerate SDE:{

dX(1)
t = (AX(1)

t + BX(2)
t )dt,

dX(2)
t = bt(Xt,LXt )dt + σtdBH

t + σ̃t(Xt )dB̃H̃
t ,

(5)

where Xt = (X(1)
t ,X(2)

t ), b : [0, T]× Rm+l ×Pp(Rm+l)→ Rl, σ(t) is an invertible l× l-matrix for
every t ∈ [0, T], σ̃ : [0, T]×Pp(Rm+l)→ Rl ⊗ Rl are measurable.

To establish the log-Harnack inequality, we let

Ut =

∫ t

0

s(t − s)
t2

e−sABB∗e−sA∗
ds ≥ `(t)Im×m, t ∈ (0, T], (6)

where ` ∈ C([0, T]) satisfies `(t) > 0 for any t ∈ (0, T] and Im×m is the m× m identity matrix.
It is obvious that Ut is invertible with ‖U−1

t ‖ ≤ 1/`(t) for every t ∈ (0, T].
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The degenerate case: Log-Harnack inequality

Theorem (Fan-Huang-Ling, arXiv:2304.00768)
Consider Eq. (5). Assume (6) and if one of the two following assumptions holds:

(I) H ∈ (1/2, 1), b, σ, σ̃ satisfy (H1’) and (H2) with d = m + l, and p ≥ 2(1 + β);

(II) H ∈ (0, 1/2), b, σ̃ satisfies (H1) with d = m + l, σt does not depend on t and p ≥ 2.

Then for any t ∈ (0, T], µ, ν ∈Pp(Rm+l) and 0 < f ∈ Bb(Rm+l),

(Pt log f )(ν) ≤ log(Ptf )(µ) + χ(H),

where

χ(H) =


CT,κ,κ̃,H,H̃

(
1 + Wp(µ, ν)2β + 1

t2H + 1
`2(t)

+ 1
t2H`2(t)

)
Wp(µ, ν)2, H ∈ (1/2, 1),

CT,κ,H,H̃

(
1 + 1

t2H + 1
`2(t)

+ 1
t2H`2(t)

)
Wp(µ, ν)2, H ∈ (0, 1/2).
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The degenerate case: Bismut formula
Theorem (Fan-Huang-Ling, arXiv:2304.00768)
Consider Eq. (5). Assume (6) and if one of the two following assumptions holds:

(I) H ∈ (1/2, 1), b, σ, σ̃ satisfy (H1’), (H2) and (H3);
(II) H ∈ (0, 1/2), b, σ̃ satisfies (H1’), (H3) with d = m + l, σt does not depend on t,

then for any t ∈ (0, T], f ∈ Bb(Rm+l), φ ∈ Lp(Rm+l → Rm+l, µ) and µ ∈Pp(Rm+l) with
p ≥ 2(1 + β) if H ∈ (1/2, 1) or p ≥ 2 if H ∈ (0, 1/2), DL

φ(PT f )(µ) exists and satisfies

DL
φ(Ptf )(µ) = E

(
f (Xµt )

∫ t

0

〈
K−1

H

(∫ ·
0
σ−1

r Θr,tdr
)

(s), dWs

〉)
,

where Θ·,· is defined as
Θs,t = ∇bs(·,P∗s µ)(Xµs )~s,t + E[〈DLbs(x, ·)(P∗s µ)(Xµs ),∇φXµs 〉]|x=Xµs

− (Ξt)
′(s).

with

~s,t :=

(
esAφ(1)(Xµ0 ) +

∫ s

0
e(s−r)AB

(
φ(2)(Xµ0 ) + Ξt(r) + Λr

)
dr, φ(2)(Xµ0 ) + Ξt(s) + Λs

)
,

Ξt(s) :=−
s
t0

(φ(2)(Xµ0 ) + Λt)−
s(t − s)

t2
B∗e−sA∗

U−1
t φ(1)(Xµ0 )

−
s(t − s)

t2
B∗e−sA∗

U−1
t

∫ t0

0
e−rAB

[
t − r

t0
φ(2)(Xµ0 )−

r
t0

Λt + Λr

]
dr.
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The degenerate case: Bismut formula

Remark
The entropy-cost and intrinsic derivative estimates:

For any t ∈ (0, T], µ, ν ∈Pp(Rd) and f ∈ Bb(Rd),
Ent(P∗t ν|P∗t µ) ≤ χ(H)

and

‖DL(Ptf )(µ)‖
Lp∗
µ
≤ CT,κ,κ̃,H,H̃

(
1 +

1
tH

+
1
`(t)

+
1

tH`(t)

)(
(Pt|f |p

∗
)(µ)

) 1
p∗

where CT,κ,κ̃,H,H̃ is a positive constant which is independent of κ̃ when H ∈ (0, 1/2), and
p ≥ 2(1 + β) if H ∈ (1/2, 1) or p ≥ 2 if H ∈ (0, 1/2).

To guarantee (6) holds, one needs to impose some non-degeneracy condition on the matrix B.
For instance, assume the following Kalman rank condition:

Rank[B,AB, · · · ,AkB] = m (7)

holds for some integer number k ∈ [0,m− 1] (in particular, if k = 0, (7) reduces to Rank[B] = m),
then (6) is satisfied with `(t) = C(t ∧ 1)2k+1 for positive constant C.
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Further problems and main references

Further problems
Well-posedness in multiplicative case

Chaos propogation

Main references

1 D. Baños, The Bismut-Elworthy-Li formula for mean-field stochastic differential equations,
AIHP, 2018.

2 J.H. Bao, P.P. Ren and F.-Y. Wang, Bismut formula for Lions derivative of distribution-path
dependent SDEs, JDE, 2021.

3 X. Huang and F.-Y. Wang, Regularities and exponential ergodicity in entropy for SDEs
driven by distribution dependent noise, arXiv:2209.14619.

4 P.P. Ren and F.-Y. Wang, Bismut formula for Lions derivative of distribution dependent
SDEs and applications, JDE, 2019.

5 F.-Y. Wang, Distribution dependent SDEs for Landau type equations, SPA, 2018.

6 F.-Y. Wang and X.C. Zhang, Derivative formulae and applications for degenerate diffusion
semigroups, JMPA, 2013.
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Thank you very much for your kind attention!
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